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1. Introduction

The (hyper)graph expansion is the study of graphs and simplicial complex-
es (hypergraphs) which are both (1)“very connected” and (2) “sparse”, in some
precisely defined sense.

There are many different, closely related types of “hypergraph expanders”, see
Sections 2 and 3 for examples. For many of them there is a characteristic inequality

|oc| = n|[c]|

(see Definition 4.2), expressing the idea that the “expansion (coboundary) oper-
ator” § : C — C, acting on elements (cochains) ¢ of an abelian group (cochain
complex) C, preserves (or rather expands) the “size” (norm) of elements (within
the factor n). The expansion constants 1, which appear in the inequality above,
are often referred to as “Cheeger constants”. In this paper we review some of the
highlights of the theory of graph expanders (Section 2) and their higher dimension-
al analogues (Section 3) and, as an illustration of new ideas and techniques used
in the area, we derive an upper bound (Theorem 3.9) for the expansion coefficient
n1(A3), of the complete, multipartite complex A3.

2. Expander graphs

2.1. Expander graphs. High dimensional expanders are a generalization
of expander graphs. Let us first introduce the idea of expander graphs. Typically,
we think of families of expander graphs, and given an infinite family X,, of finite
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graphs, we will assume that the number of vertices V,, of these graphs goes to
infinity. We may think of expander graphs (X,,) in the following way.

(1) The degree of X,, is bounded by some constant Cy for all n. If we think
of a graph as a computer network, whose vertices are computers, and edges
connections between them that have a cost associated to them, then increasing
the number of vertices increases the cost of the network linearly (the cost is
at most C1|V,|). This sparseness is important for keeping a low cost.

(2) The graphs should be “well connected”. By “well connected” we mean that
not only is it connected (one may reach any vertex from any other vertex),
but there aren’t any bottlenecks: there isn’t any small subset of edges B such
that removing B disconnects the graph. In other words, any subset V C V,,
should have many connections with W = V,, \ V. More precisely, for some
Cs > 0, which is independent of n, the number of edges between V and W
should be at least Co min(|V|, |W]) for all non-empty subsets V' C V,,, and for
all n.

We can now define expander graphs.

DEFINITION 2.1. Let G = (V, E) be a finite graph. The expansion constant
h(G) is defined as
we) - PABL
minayp=v (|4], |B)
A finite, k-regular graph G is an e-expander if h(G) > e. A family of finite,
k-regular graphs G,, = (V,,, E,,) (such that |V,,| goes to infinity) is an e-expander
family if all graphs in the family are e-expanders.

There is a connection between the expansion constant, and the second largest
eigenvalue of the adjacency matrix of the graph.

THEOREM 2.2 [Cheeger inequality]. Let G be a finite, k-regular graph, X the
second largest eigenvalue of the adjacency matriz, and h(G) the expansion constant

of the graph. Then
k— A< h(GQ) < V2k(k—=N).

One can therefore define expansion in terms of A\: when A is close to k, h(G)
must be small. We refer to kX as the spectral gap. Therefore, to make a good
expander, one must make the spectral gap large.

A natural question which arises is how good can we make a family of ex-
panders? It turns out that there is a limit.

THEOREM 2.3 [Alon-Boppana bound]. Let G be a k-regular graph with diam-
eter . Then
AMG) = 2vE—1(1 —o(1))
as 6 — oo, where X\ is the largest absolute value of eigenvalues of the adjacency
matriz # +k.
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Finite k-regular graphs for which A(G) = 2k — 1 are called Ramanujan
graphs, and as we can see from the Alon-Boppana bound, this is the best bound we
can get for an infinity family of k-regular graphs. There is a connection between
expansion and number theory. The Thara zeta function is a zeta function associated
with a graph and is used to relate closed walks to the spectrum of the adjacency
matrix. It can be defined as follows.

DEFINITION 2.4. Let G be a finite connected graph without degree one ver-
tices. Then the Thara zeta function is defined as

Colu) = H (1 -~ ul(P))*l 7

(Pl

where u is a sufficiently small complex number, [(P) is the length of P and the
product is over all classes of equivalences of primitive paths (a prime path is a closed,
tailless, backtrackless path such that there is no path D and integer f > 1 such
that C = Df for C =ay...a,, [C] ={ay...as,az...a5a1,...,a5a; ...a5_1}).

If G is a connected k-regular graph such that when 0 < Re(s) < 1 we have
(c(g®) = 0 => Re(s) = %, we say that the IThara zeta function satisfies the
Riemann hypothesis. It turns out that for a k-regular graph G, (s (u) satisfies the
Riemann hypothesis iff the graph G is Ramanujan.

2.2. Existence/construction of expander graphs. Proving that ex-
pander families of graphs exist was not trivial, as their definition is quite restric-
tive. However, they do exist. In fact they exist in great quantity. There are various
methods that can be used to prove their existence. These methods come from many
different areas of mathematics.

e Probabilistic methods [2, 21]. These are some of the first methods used to
demonstrate the existence (and abundance) of expander graphs.

o Construction of bipartite d-regular Ramanujan graphs with |V;| = d2¢ vertices
for d > 3 [20]. This construction is quite recent, and before only constructions
withd =p+1or p¥ £1 for v > 1 and p prime were known. The earliest
constructions came from [18, 20].

e Frequently, to construct families of expander graphs, Cayley graphs are used.

DEFINITION 2.5. Let G be a group and let S C G be a symmetric subset (for
s€ 8,571 € G). The Cayley graph of G with symmetric set S is the graph (V, E),
where V' = G, and two vertices h,g € G are connected iff g = sh for some s € S.

Not all Cayley graphs have expansion, but important groups have been found
whose Cayley graphs do form expander families. For example, in [4], we have the
following result.

THEOREM 2.6. Let m > 2 be an integer. Let S C SL,,(Z) be a finite symmet-
ric subset, and let G be the subgroup generated by S. Assume that G is Zariski-dense
in SL,,(Z). For prime numbers p, let I', = C(SL,,(F,),S) be the relative Cayley
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graph of the finite quotient group SL,,(F,) with respect to the reduction modulo p
of S. Then there exists po such that (I'y)p>p, is an expander family.

e Use of Kazhdan’s property (T). This property was introduced in [15], and we
will only give a description of it for discrete groups.

DEFINITION 2.7. A discrete group G has property (T) if there exist a finite
subset S C G and a positive real number § > 0, such that for any unitary represen-
tation p : G — U(E) of G on a Hilbert space, either there is a non-zero invariant
vector (p(g)v = v for all g € G), or all non-zero vectors are moved by at least § by
elements of S (maxsegs ||[p(s)v — v|| = d]v]]).

The original intention was to use this property to prove that certain groups
were finitely generated. As it turns out, a discrete group with property (T) and
Kazhdan pair (S,0) is generated by S (as a consequence, G is finitely generated).
Property (T) is useful for constructing expanders in the following way.

THEOREM 2.8. [19] Let G be a discrete group with property (T), (S,0) a
Kazhdan pair for G such that S generates G, and X the family of all finite index
normal subgroups of G. Then

h(C(G/H,S)) > 6%

If X contains elements of arbitrarily large index in G, then the family of Cayley
graphs C(G/H, S)gqc forms an expander family.

An important application is the following
THEOREM 2.9. [22] The group SL3(Z) has property (T).
This can be generalized to

THEOREM 2.10 [Kazhdan, Margulis|. Let m > 3 be and integer. For any
finite symmetric generating set S of SL,,(Z) the family of relative Cayley graphs

(C(SLm(Z)/Hv S))H<SLm(Z)7

where H runs through all finite index normal subgroups of SL,,(Z), is an expander
famaly.

The above theorem is a combination of results from Kazhdan and Margulis.

2.3. Applications. We will list just a few applications of expander graphs
in various areas of mathematics.

e [2] is one of the first papers in which the idea of expanders appears, related
to the problem of “efficient embedding” of a graph in R3. More explicitly, the
question is how efficiently can this be done, if we demand that the distance
between vertices and non-adjacent edges is at least 1. In [2], it is proven that
3-regular graphs can be embedded in a volume about n%/2, and that 4-regular
expanders cannot be embedded in a volume smaller than n3/2.
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o In [5], sieve methods have been used to solve problems involving the spe-
cial linear groups (for example, determining multiplicative nature of integers
P(ai1,...,ann), where P is a polynomial with n? variables and integer co-
efficients, and [a; ;] is a matrix in SL,(Z)). Solving these problems required
proving that certain families of Cayley graphs have expansion.

e In [23], the use of expanders was proposed for the study of brain structure.

e Expander graphs can be used to graph neural networks, as illustrated in [6]
and [7].

3. High dimensional expanders

3.1. High dimensional expanders. There are several equivalent ways to
define expansion: combinatorial, spectral etc. One of the first papers dealing with
high dimensional expanders is [G], in which spectral expanders were introduced.
When it comes to the high dimensional analogue of expander graphs, properties that
were equivalent for graphs are not equivalent for simplicial complexes of dimension
d > 2. Thus, there are coboundary expanders, cosystolic expanders, topological
expanders, geometric expanders, spectral expanders etc., all of which have their
own applications.

Geometric and topological expanders both appeared in discrete and computa-
tional geometry. The first came from [3] as an answer to a question posed by Erdos:
If P is a set of n points in R?, then there exists a point z € R? which is covered
by (% — 0(1)) (g) of the (g) affine triangles determined by points in P. The second
came from [1]: For every d € N, 30 < C; € R such that if P ¢ R? with |P| = n,
then there exists z € R? which is covered by at least Cqy( dil) of the ( dil) affine
simplices determined by points in P.

The result from [1] can be rephrased in terms of simplicial complexes. Let Ag,d)
be the complete d-dimensional simplicial complex of n vertices, and f : Ag,d) — R?
an affine map. Then there exists z € R? covered by at least Cy ( dil) of the images
of the d-dimensional faces.

Gromov proved the following refinement of Bérany’s result in [13]. The result
in [1] is true for every continuous map f : Agfl) — R?, and for constants Cy that

were better than the constants which were known for affine maps. We may now
define geometric and topological expanders.

DEFINITION 3.1. A d-dimensional pure simplicial expander X is an e-geo-
metric (resp. e-topological) if for every affine (resp. continuous) map f: X — R?,
there exists z € R% such that e-proportion of the images of the d-cells in X (%) covers
the point z.

With the new definition, we can say that the complete simplicial complex of
dimension d on n vertices is a Cy-geometric (and Cy-topological) expander.

We shall now illustrate why we use the word expander in the names of geo-
metrical and topological expanders.
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EXAMPLE 3.2. Let X be an expander graph, and f : X — R any continuous
map. We choose a point a € R such that the sets A = {v € X : f(v) < z}
and B = {v € X : f(v) > z} are of size approximately |X|/2. Since X is an
expander graph, there are many edges between A and B. Images of such edges
pass through z. Therefore, expander graphs are also topological expanders.

However, topological expanders do not need to be expander graphs. For ex-
ample, if X is a disjoint union of a large expander graph and a small graph (with
o(]X|) vertices), then X is a topological expander, but not an expander graph.

There is a special interest in geometric/topological expanders of a bounded
degree (a family of simplicial complexes is of a bounded degree if for every vertex
v the number of faces containing it is bounded). In [Gr], the question was present-
ed: Are there bounded degree d-dimensional geometric/topological expanders for
d > 27 The existence of geometric expanders of bounded degree was shown in [9]
and [11].

The question of topological expanders, however, relies on coboundary ex-
panders, which will be defined in Definition 4.2. They were independently in-
troduced in [13] and [16].

Gromov has proved the following result.
THEOREM 3.3. [13] Coboundary expanders are topological expanders.

However, expanders obtained this way are of unbounded degree. It is known
that finite qutioents of Bruhat-Tits buildings are spectral and geometric expanders.
However, it is not known if they are topological expanders. These quotients and
Ramanujan complexes do not need to be coboundary expanders, since for many of
them, their cohomology group is non-zero. One might attempt to overcome this
difficulty by relying on cosystolic expanders.

DEFINITION 3.4. A d-dimensional complex X is an e-cosystolic expander if
for every i =0,...,d — 1 one has

vi(X) 2 e and p;(X) > e,

where v;(X) = mineci g WL [ = £+ 70, |[£]]| = min{|lgl| | g € [f]} and
Mi(X) = minfezi\Bi fH

There is an extension of Gromov’s result.

THEOREM 3.5. [8] Cosystolic expanders are topological expanders.

However, it is not known whether Ramanujan complexes or quotients of high
rank Bruhat-Tits buildings are cosystolic expanders. However, there is a weaker
result that still answers Gromov’s question concerning the existence of bounded
degree topological expanders, a theorem proved in [KKL] for d < 3 and in [14] for
general d.

THEOREM 3.6. For a fized 2 < d € N there exists ¢ = (d) > 0 and gy = qo(d)
such that if K is a local non-Archimedean field of fixed residue degree q > qo and



48 1. Vredica

G = G'(K) with G’ simple K-group of K-rank d, then the (d — 1)-skeletons Y of
the finite (d-dimensional) quotients X of the Bruhat-Tits building B = B(G) form
a family of bounded degree (d — 1)-dimensional e-cosystolic expanders.

It is believed that X in the above theorem are also cosystolic expanders. For
more on high dimensional expanders, we refer the reader to [17].

3.2. Results concerning multipartite complexes. In [24] and [25], the
following results were obtained.

THEOREM 3.7. [24, Theorem 4] If 2¢ divides n; for all 0 < i < d, then

d+1
N1 (Mg myooma) < 57—

THEOREM 3.8. [25, Proposition 7.9] Let n € Zg.
If n=0 (mod 4), then n1(A2) < 3/4.

3n®+9
— 2
o Ifn=1 (mod d), then m(A) < f5—ams 5
3n® + 24
e Ifn=2 (mod 4) and n # 2, then n(A%) < 3 —on2 +dn’

3n3+3

— 2

It is unknown whether this result is optimal. In this paper we will prove a
bound on the coboundary expansion of A? by finding a cochain ¢ which satisfies the
bound. The minimality of the cochain is checked with the computer. This proof
could in theory be extended to A% for any k € N, but this would not be practical,
and would not give any more of a guarantee that the obtained cochain class gives
optimal coboundary expansion.

THEOREM 3.9. Let n € Z~g.

e Ifn=0 (mod 4), then n(A3) < 27/16.
e Ifn=1 (mod 4), then n(A3) < 3.
e Ifn=2 (mod 4), then n(A3) < 3.
e Ifn=23 (mod 4), then n1(A3) < 3.

4. Preliminaries

4.1. Simplicial complexes. An abstract simplicial complex X is a down-
ward closed set system X C 2V for some vertex set V (if o € X and 7 C o, then
7 € X). Elements of X are simplices, and the dimension of o € X is dimo = |o|—
We say that o is a k-simplex if dimo = k. We write X (k) = {o € X : dimo = k}
and X ) = U_1<ick X (9) for the k-skeleton of X.

A simplicial map f : X — Y between abstract simplicial complexes is a map
f:X(0) = Y(0) such that f(c) €Y for all o € X.
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A join of two simplicial complexes X and Y is the simplicial complex X x Y
whose simplices are all simplices of the form ¢ * 7, where ¢ € X, 7 € Y and
dim(o % 7) = dimo + dim7 + 1. A complete d + 1-partite simplicial complex is a
complex of the form A = Agm,...,nd = Uy * Uy * - -+ x Uy, where ng,...,nqg > 0 are
integers, and U; are sets with n; vertices.

4.2. Cohomology. Let X be a simplicial complex, and ¢ € X. Two order-
ings of the vertices of o are equivalent if one may be obtained by the application
of an even permutation on the other. This gives us two equivalence classes if
dimo > 0, and allows us to define the oriented simplex ¢ to simply be the simplex
itself, together with a choice of orientation. For an oriented simplex o, we write —¢
for the oriented simplex with the opposite orientation. If dimo < 1, then —o = 0.

Fixing an linear ordering < on the vertices of X can allow us to fix an ori-
entation for simplices in X. A k-simplex o = {vg,v1,...,0x} with vg < v1 <
-+« < v has orientation determined by the ordering (vg,v1,...,vx), and we write
[vo,v1,...,vg] for the oriented simplex (sometimes we will write vgvy ... v instead
of [0071)17 v 7Uk])'

Let 0 = {vo, ..., v} € X (k) with vg < -+ <wvp and 7 € X (k —1). We define
the oriented incidence number as

(=17 ifr Co,mr=0\{v;},
[0:7]:= { .
0 otherwise.

Let A be an abelian group (we will work in the case when A = Fy). Let —1 <
k < dim X. The k-th chain group of X with coefficients in A is the abelian group
Cr(X; A) of all formal sums ¢ = ZUEX(k) a,o (we fixed an orientation for every
k-simplex o), where a, € A. Elements of Cy(X;A) are called k-chains. Between
Cr(X;A) and Cy_1(X; A) there is a boundary map 9 : Cr(X;A) — Cr_1(X;A)
defined as

k
O (aolvo, .. ve]) = > ((=1)'ag)[vo, ., By .., v,
i=0
where v; indicates that the vertex v; is omitted (that is, [vg,...,U;, ..., 08 =
[Voy -+ s Vim1, Vit1, ..., Vk]). It is known that Oy 0 Og41 =0 forall 0 < k < d—1,

and therefore that Im (Jg41) C Ker (k). We call Z(X; A) := Ker 9, the group of
k-cycles and By (X;A) := Im Ji41 the group of k-boundaries. Since the group of
k-boundaries is a subgroup of the group of k-cycles, we can define the k-th homology
group Hi(X;A) with coefficients in A as Hi(X;A) := Zx(X;A)/Bp(X; A).

For an oriented simplex o € X (k), we define the elementary cochain 1, as
the function 1, : X (k) — A such that 1,(0) =1, 1,(—0) = —1 and 1,(7) = 0 for
7€ X \ {—0,0}. The k-th cochain group C*(X;A) of X with coefficients in A is
the abelian group of all formal sums Zan(k) as1s with a, € A where we fixed an
orientation for every k-simplex.

There is a coboundary map 8 : CF(X;A) — C*T1(X; A) given by
S(lo)= > [r:oll.

TEX (k+1)
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Now, B¥(X;A) := Imé,_; is the group of k-coboundaries of X and
Z8(X;A) := Kerdy, is the group of k-cocycles of X. Again, one can see that
8k 0 6x_1 = 0, which is why we can define the k-th cohomology group H*(X;A)
with coefficients in A as H*(X;A) := Z¥(X;A)/B*(X; A).

4.3. Coboundary expansion. To define coboundary expansion, we will
first define size functions.

DEFINITION 4.1. Let X be a d-dimensional simplicial complex. Let A be
an abelian group. Let 0 < k < d. A size function | - | on C¥(X;A) is a function
|- |: C*(X;A) — Rsg of the form

el =Y w(o)lc(@)la,

ceX (k)

where w : X (k) — R is a weight function, and |- |5 is a non-negative function
with [0[4 = 0 and | — a|p = |a|s for all a € A.

Finally, we can define coboundary expansion.

DEFINITION 4.2. Let X be a d dimensional simplicial complex. Let 0 < k <
d — 1. Let A be an abelian group. Let |- | be a size function on C*(X;A) and
CMY(X;A). For ¢ € C*(X;A), let |[c]| := minyepr(x.a) |c — b], ie., the size of a
cohomology class is the minimal size of a cochain in the coset c+B*. Let n > 0. We
say that X is n-coboundary expanding in C*(X;A) with respect to A-coefficients
and | - | if

|6¢| = n|[d]|

holds for all ¢ € C*(X;A) and all k € {0,...,d —1}.

In a d-dimensional space, the Garland weights are assigned to a simplex o
according to how many d simpleces contain o, scaled by the number of all d-
dimensional simplices in the complex, i.e. the weight functions given by

_ {r e X(d) : o C7}

(L)X ()]

wg (o) :

for o € X (k). The Hamming norm is defined as
" {1, zelF,\ {0}
€T =
7o, z=o0.

We define the k-th coboundary expansion constant 77,!‘ (X; A) of X with respect
to A-coeflicients and | - | by

nkl(X; A) :=sup{n >0 : X is n-coboundary expanding in C*(X;A) with
respect to A-coefficients and | - |}.

We will usually write n;(X) instead of nk'(X;A). If we define the cobound-
ary expansion constant as n(X) = min{n;(X) : i = 0,...,d — 1}, then X is an
e-coboundary expander if n(X) > .
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Remark 4.3. One can see that if X is a k-regular graph with coboundary
expansion constant h(X) and expansion constant h(X), then we have that h(X) =
2h(X).

For ¢ € C*(X;A), it is useful to define supp (¢) = {o € X (k) : c¢(o) # 0} -
the support of a cochain c.

5. Proof of Theorem 3.9
LEMMA 5.1. [25] Write A3 = Uy * Uy * Ug Uz with Uy = Uy = Uy = Uz = [n].

Fori € {0,1,2,3} let l;
vi=|]u®
s=1
be a partition of U;. Let c € Cl(Ai;Fg) be such that the restriction @ g ® 18

constant for all0 <t < j <3 and1 < s <y, 1 <t <. Then the followz'n; are
equivalent:
(1) ¢ is minimal, i.e. |c+ da| > |c| for all a € CO(A3;Fy).
[supp (61g)|
(2) For all S € A3(0), [supp (c) Nsupp (d1g)| < ZEE2=s
(3) For all 5 C X(0) with SNU™ € {0, U} for all0 <i <3 and 1 < s < 1;,

[supp (¢) N supp (615)] < w.

The proof of this lemma will be similar to the proof of [25, Lemma 7.10].

Proof. Let X = A2. We will write 05 instead of 615 for S C X(0) as well as
c¢N§S instead of supp (¢) Nsupp (d1g).

(1) and (2) are equivalent for all ¢ € C*(X;Fy), since |c + da| = |c| + |da| —
2|c N dal. This relation is quite important, as the sizes |c|, |da| and |¢ N Ja| on the
right side are easier to handle than |c + da| on the left side.

(3) follows from (2). For the opposite direction, let ¢ € C'(X;F3) be such that

lenés| > @ for some S C X (0). We will prove that there exists S C X (0) with
SN UZ-(S) {0, Ui(s)} forall 0 <i<3,1<s<!; and |cﬁ(5§| > @. Let us assume,
by contradiction, that this is not the case for some ¢ € C'(X;Fs). Then there is
some S C X (0) with |cNédS| > |62—S| such that the condition S N Ul-(s) € {0, Ui(s)}
is violated for the fewest of 0 < 7 < 3 and 1 < s < [; among all S C X (0) with
lends’| > ‘6—5'. After relabeling, we may assume that ) # SN Uél) C Uél). Let
A=85nU" and B=UM\ 4, S~ =S\ A and St = SU B. Since S* and S~
violate fewer of the conditions on the intersection with Ui(s) than S, it is sufficient
to prove that [§S~ Nc| > 3|65~ | or [6S* N¢| > 1657, as that would contradict
the choice of S. Let u € Uél) and

B={seSN (U UU2UUs) : c(us) =1}

and
vy={s € (X(0)\S)N UL LU UUs) : c(us) =1}
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For A = — 2 we have

[A[+]B]
057 el =65 Ne| = (v = BIA
65~ el =10 N el + (v - B)|BI,
|6SNel=(1-X)|6S" Ne|+AdSTNcl
Let s, = |SNU;| for 0 << 3, and let ¢ : R — R be defined as
©(8) := s(2n—s1—82—83)+51(2n—5—82—83)+82(2n—51 —5—83)+83(2n—51 —S52—35).
Function ¢ is affine, and therefore concave. Moreover
1651 = p(s0), 165~ = (50 — |Al) and [35*] = p(s0 + [ BI).

Assume, by contradiction, that both [§S~ N¢| < 3|65~ | and |65 N¢| < 1657T].
Then by concavity of ¢ we have
165 el = (1= A)I5S™ el + ABSH Nel
|65~ 1657
2 A 2
(1= A)p(so — [A]) + Ae(so + | B]))

<=2

~

—~

N

(1= A)(s0 — |A]) + Also + | B]))
4] B) B||A> |

_ = —|§S].

“’(30 A1 s T 2

This is a contradiction to the assumption that |65 N ¢| > 1|65|, which finishes the
proof. m

N = N =N =

Before continuing with the proof of Theorem 3.9, let us provide an illustrating
example in dimension 2 showing that n;(A2%) < 1.

EXAMPLE 5.2. Let us consider the octahedral sphere A2 = {uy, ug}*{vy, vo}*
{w1,ws}, and let ¢ be the cochain with support supp (¢) = {ujv2, vows, uswa} (see
the figure on the next page). Then supp (dc) = {ujvawy, ugviws}. For S C A3(0):

(1) If |S| = 2 or |S| = 4, then [05| = 6 or [6S] = 8, from which we have |[cNdS]| <
[65].
3 5

(2) If |S| = 3, then |8S| = 6 or [65] = 8, from which we have |cNdS| < 3 < 221,

(3) If |S| = 1 or S| = 5, then 45| = 4, from which we have |cNdS| < 2 < 22,

Since |e N 48| < @ for all S C A3(0), by conditions (1) and (2) in Lemma
5.1, ¢ is a minimal cochain, and so
loc] _ 2-(1/8) _
e 3-(1/12)

Let us consider another cochain co: Let supp (c2) = {u1v2, vows, usws, usvy }.
We can see that supp (dc2) = {ujvows, ugviws }. This cochain is not minimal, as
for S = {ug,v2} we have that c; NS = cq, |c2 N S| = 4, |6S| = 6, from which
o N 8S| & 1231,

m(A3) <



On the coboundary expansion of Ai 53

)

Proof of Theorem 38.9. Let n = 4k +1 with [ € {0,1,2,3}, and write A3 = U *
VWY withU =V =W =Y = [n]. We will partition U = | [>_, Uy, V = | [>_, Vi,
W= W, and Y = ||, Y; so that we have |U;| = |[Vi| = |W;| = |Y;| = k for
0<i<3—land |U| =|Vi|=|Wi|=Yi|=k+1for3—-I<i<3and1<I]<3.
Now, let Aj = U *V « W xY with U = {ug, ui,u,usz}, V.= {vg,vi,ve,v3}, W =
{wo, w1, wa, w3} and Y = {yo,y1,y2,y3}. Let f : A3(0) — A3(0) be such that
f(u) =u; foruw e U;, f(v) =v; for v €V, f(w) = w; for w € W; and f(y) = y; for
y € Y;. We will also mark with f the induced simplicial map.

Now, let bo, b, € B2(A3;Fs) and co,c; € C*(A3; F2) be cochains defined by
supp (co) = {uove, ugvs, u1vg, U3, Uy, UaV1, UV, U Wa, UW2, USW3, U3Y2, USY3,

VoW2, VoWs, VoY2, VolYs, V1W2, V1W3, vlyg,v1y3,w0y2,w1y3,w2yo,w3y1}
and
Supp (bo) = {U0U0w27uovow3,U0U1w2,Uov1w3,uov2w0,U002w1,uov2wzyuovzw37
UYU3WQ, UpV3 W1, UpV3 W2, UV3W3, U1 VW2, U1 VW3, U1 V1 W2, U1 V1 W3,
U1V2W0, U1V2W1, U1 V2W2, U V2W3, UTV3W), U1 V3WT, U1 V3W2, U1 V3W3,

U2VpWo, U2VoW1, U2V W2, U2V1 W0, U201 W1, U2V1 W2, U2V2W2, U2V3 W0,
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U2V3W1, U2V3W3, U3V2W2, U3V2W3, U3V3W2, U3V3W3, U)VoY2, UoV0Y3,
UoV1Y2, UoV1Y3, UoV2Yo, UoV2Y1, UoV2Y2, UoV2Y3, UoV3Y0, U0V3Y1,
UpV3Y2, UoV3Y3, U1VoY2, U1V0Y3, U1V1Y2, U1V1Y3, U1V2Y0, U1V2Y1,
U1V2Y2, U1V2Y3, U1V3Yo, U1V3Y1, U1V3Y2, U1V3Y3, U2V0Y0, U2V0Y1,
U2V1Yo, U2V1Y1, U2V3Yo, U2V3Y1, U2V3Y2, U2V3Y3, U3V2Y2, U3V2Y3,
U3V3Y2, U3v3yYs, U1WoY2, UoW1Y3, UoW2Yo, UoW3Y1, U1W0oY2, U1W1Y3,
U1W2Yo, U1W3Y1, U2WoY2, U2W1Y3, U2W2Y1, U2W2Y2, U2W2Y3, U2W3Y1,
U3WY3, U3W1Y2, U3W2Y1, U3W3Y0, VoW0Y3, VoW1Y2, VoW2Y1, VoW3Yo,
V1WoY3, V1W1Y2, V1W2Y1, V1W3Yo, V2WoY2, V2W1Y3, V2W2Yo, V2W3Y1,
V3W0Y2, V3W1Y3, V3W2Y0, V3W3Y3

for I =0, and

supp (c1) = {uoY2, U1ys3, U2yo, U3y1, VoWs, VoWs, V1Wa, V1 W3, VaWo, V2W1, V3Wo, V3W1 }

and

supp (by) = {uovows, ugvows, UeV1 W2, UeV1 W3, UV2W, UGV2W1 , UGV W, UGUW]

U1VoW2, U1 VW3, U1V W2, U1 V1 W3, U1V2W, U1 V2W1, U1V3WQ, U1 V3W1,
U2V W2, U2VoW3, U2V W2, U2V W3, U2V2W(, U2V2WT, U2V3W(, U2V3W1T,
U3VoW2, U3VoW3, U3V W2, U3V W3, U3V2W(, U3V2W1, U3V3W(, UZV3W1,
UpVoY2, UoV1Y2, UoV2Y2, UoV3Y2, U1 VY3, U1V1Y3, U1V2Y3, U1V3Y3,
U2V0Yo, U2V1Y0, U2V2Y0, U2V3Y0, U3VoY1, U3V1Y1, U3V2Y1, U3V3Y1,
UoWoY2, UoW1Y2, UoW2Y2, UoW3Y2, UTW0Y3, U1W1Y3, U1W2Y3, U1 W3Y3,
U2W0oYo, U2W1Yo, U2W2Yo, U2W3Y0, U3WoY1, U3W1Y1, U3W2Y1, U3W3Y1,
VoW2Yo, VoW2Y1, VoW2Y2, VoW2Yy3, VoW3Yo, VoWsyY1, VoWsy2, VoWsys,
V1W2Yo, V1W2Y1, V1W2Y2, V1W2Y3, V1W3Yo, V1W3Y1, V1W3Y2, V1W3Y3,
V2WoYo, V2WoY1, V2WoY2, V2W0Y3, V2W1Yo, V2W1Y1, V2W1Y2, V2W1Y3,
V3WoYo, V3WoY1, V3WoY2, V3WoY3, V3W1Yo, V3W1Y1, V3W1Y2, U3w1y3}

for I € {1,2,3}. Let b := f*b; and ¢ := f*¢;. One can see that 5c = b € B2(A2;F,).
HreX(d):oCT} _ n? _ 1

The Garland weight of edges is w(o) = FX@] o = while the
1+1
Garland weight of 2-simplices is w(o) = Ww = % = 7=5. Thus, we can
(2+1)|X(d)| 4an n

see that |c| = gLz - [supp (c)], and [b] = 415 - |supp (b)|. We will calculate the size

of supports of ¢ and b in case of [ = 1. For each edge in the support of ¢; with no
vertices in Us, V3, W3 or Y3, we have k? edges in the support of ¢, for each edge in
¢y with one vertex in Us, V3, W3 or Y3 we have k(k + 1) edges in ¢, and if an edge
in ¢; has both vertices in those sets, then it contributes (k + 1)? edges in c¢. Thus,
1 6k(2k + 1)
6n? 6n?
Similarly, the contribution of a 2-simplex in by to the size of |b| will depend on how
many of its vertices are in the sets Us, V3, W3 or Y3. A 2-simplex with no vertices

le| = — (6K + 6k(k + 1)) =
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in those sets contributes k3, with 1 vertex contributes k2(k + 1), with 2 contributes
k(k +1)2, and with all vertices contributes (k + 1)3. Thus,

1 12k(3Kk? + 4k(k + 1 k+1)2
bl = 5 (36K + 48K2(k + 1) + 12k(k + 1)°) = (3k7 + <4*; ) k+ 1T
n n

Taking the quotient gives

b 6n® 12k(3K* +4k(k+1) + (k+ 1)) 3
lc| — 4n3 6k(k +1) -

A similar calculation can be carried out for other I € {0, 1,2, 3}.

All that remains is to prove that ¢ is minimal. Since ¢ has product-like struc-
ture, by Lemma 5.1 it suffices to prove that |[¢N S| < @ holds for all S C A2 (0)
with SN X, € {0, X,} for all 0 < j <3 and X € {U,V,W,Y}. This is reduced to
proving that [cN§f*S| < w for all S C A3(0).

One can see that pg;(k) = 2|cNdf*S| — |0f*S| is a polynomial in k (where
n = 4k + 1) of degree at most 2: For each edge in A3, there are k2, k(k + 1) or
(k +1)? edges in A3 that correspond to it through f*.

Since 6f*S = f*8S for each I, we only have to consider 2'° choices of S C
A3(0) and check whether the polynomial pg;(k) is non-positive for all k € Zxo.
Since all pg,; have non-positive coefficients (this was done with a computer calcu-
lation), we have that pg;(k) < 0 for all k¥ € R3¢, which concludes the proof. m
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